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Abstract 

The class of finitely presented algebras over a field K with a set of 
generators ai, . . . , a„ and defined by homogeneous relations of the form 
a\a2---an — ac{i)ac(2) ■ ■ ■ dc^n), where g runs through Alt„, the alter- 
nating group, is considered. The associated group, defined by the same 
(group) presentation, is described. A description of the radical of the al- 
gebra is found. It turns out that the radical is a finitely generated ideal 
that is nilpotent and it is determined by a congruence on the underlying 
monoid, defined by the same presentation. 
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1 Introduction 

In recent literature a lot of attention is given to concrete classes of finitely pre- 
sented algebras A over a field K defined by homogeneous semigroup relations, 
that is, relations of the form w = v, where w and v are words of the same 
length in a generating set of the algebra. Of course such an algebra is a semi- 
group algebra ^^[5*], where S is the monoid generated by the same presentation. 
Particular classes show up in different areas of research. For example, algebras 
yielding set theoretic solutions of the Yang-Baxter equation (see for example 
[7, 9, 10, 12, 18]) or algebras related to Young diagrams, representation the- 
ory and algebraic combinatorics (see for example [1, 5, 8, 11, 14]). In all the 
mentioned algebras there are strong connections between the structure of the 
algebra K[S], the underlying semigroup S and the underlying group G, defined 
by the same presentation as the algebra. 
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In [3] the authors introduced and initiated a study of combinatorial and 
algebraic aspects of the following new class of finitely presented algebras over a 
field K: 

A = K{ai,a2, • • • | aia2 ■■■an = a^(i)a„{2) ■ --aain), <^ G R), 

where is a subset of the symmetric group Sym„ of degree n. So A = ii'[S'„(-ff )] 
where 

Sn{H) = (ai, a2,...,an | aia2 ■ - -an = aa{l)0'a{2) • • • 0,„{n)^ ^ S -ff), 

the monoid with the "same" presentation as the algebra. By Gn{H) we denote 
the group defined by this presentation. So 

Gn{H) = gr(ai, 02, . . . , a„ | 0102 ■ • • a„ = a„{i)a„(2) ■ ■ ■ aa{n), cr £ H). 

Two obvious examples are: the free i^-algebra i^[5'„({l})] = K{ai, . . . , a„) with 
H = {1} and S'„({1}) = FM„, the rank n free monoid, and the commutative 
polynomial algebra _ft'[S'2(Sym2)] = K[ai,a2] with H = Symj and Sn{H) = 
FaM2, the rank 2 free abelian monoid. For M = S'„(Sym„), the latter can be 
extended as follows ([3, Proposition 3.1]): the algebra ii'[M] is the subdirect 
product of the commutative polynomial algebra K[ai, . . . , a„] and a primitive 
monomial algebra that is isomorphic to K[M]/K[Mz], with z = 0102 •• - a^, a 
central element. 

On the other hand, let M = Sn{H) where H = gr({(l , 2 , . . . , n)}), a cyclic 
group of order n. Then ([3, Theorem 2.2]) the monoid M is cancellative and 
it has a group G of fractions of the form G = M{a\ ■ ■ ■ a„)~^ = F x C, where 
F = gr(ai, . . . , a,i-i) is a free group of rank n — l and C = gr(ai • • • a„) is a cyclic 
infinite group. The algebra ir[M] is a domain and it is semiprimitive. Moreover 
([3, Theorem 2.1]), a normal form of elements of the algebra can be given. It is 
worthwhile mentioning that the group G is an example of a cyclically presented 
group. Such groups arise in a very natural way as fundamental groups of certain 
3-manifolds [6], and their algebraic structure also receives a lot of attention; for 
a recent work and some references sec for example [2] . 

In this paper we continue the investigations on the algebras K[Sn{H)] and 
the groups Gn{H). First we will prove some general results and next will give 
a detailed account in case H is the alternating group Alt„ of degree n. It 
turns out that the structure of the group G„ {H) can be completely determined 
and the algebra K[Sn{H)] has some remarkable properties. In order to state 
our main result we fix some notation. Throughout the paper K \s & field. 
If bi, . . . ,bm are elements of a monoid M then we denote by (61, ... , bm) the 
submonoid generated hy bi, ... ,bm- If M is a group then gr(&i, . . . , bm) denotes 
the subgroup of M generated by bi, . . . ,bm- Clearly, the defining relations of 
an arbitrary Sn{H) are homogeneous. Hence, it has a natural degree or length 
function. This will be used freely throughout the paper. By p = pg we denote 
the least cancellative congruence on a semigroup S. If 77 is a congruence on 
S then 7(77) = hn{s — t \ s,t £ M,{s,t) G r]} is the kernel of the natural 
epimorphism K[S] — »■ K[S/r]]. For a ring R, we denote by J{R) its Jacobson 
radical and by B{R) its prime radical. Our main result reads as follows. 
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Theorem 1.1 Suppose K is a field and n > 4. Let M = 5„(Alt„), z = 

aia2 • • • a„ G M and G — G„(Alt„). The following properties hold. 

(i) C = {1, oia2aj~^aj^^} is a nontrivial central subgroup of G and G/C is 
a free abelian group of rank n. Moreover D = gr(a? \ i = 1, . . . ,n) is a 
central subgroup of G with G/{CD) ^ (Z/2Z)". 

(ii) K[G] is a noetherian algebra satisfying a polynomial identity (PI, for 
short). If K has characteristic ^ 2, then J'{K[G\) = 0. If K has charac- 
teristic 2, then J{K[G]) = (1 - aia2a':[^ a:^^)K[G] and J{K[G]f = 0. 

(Hi) The element is central in M and z'^M is a cancellative ideal of M such 
that G = {z'^M){z^)~^ . Furthermore, K[M/p] is a noetherian Pl-algebra 
and ^{KlM]) is nilpotent. 

(iv) Suppose n is odd. Then z is central in M and ^ J^{K[M\) ~ I{rf) for a 
congruence rj on M and J'{K[M\) is a finitely generated ideal. 

(v) Supposen is even andn > 6. IfK has characteristic ^ 2, thenJ{K[M]) = 
0. If K has characteristic 2, then ^ J{K[M]) = I{f]) for a congruence 
T] on M and ^/(/^[M]) is a finitely generated ideal. 

Part (v) of Theorem 1.1 is also true for n = 4, but its proof is quite long 
for this case and it requires additional technical lemmas. (The interested reader 
can find a proof of this in [4]). 

So, in particular, the Jacobson radical is determined by a congruence relation 
on the semigroup S'„(Alt„), it is nilpotent and finitely generated as an ideal. 
In [3] the question was asked whether these properties hold for all algebras 
K[Sn{H)], for subgroups H of Sym^^. 

2 General results 

In this section we prove some preparatory general properties of the monoid 
algebra K[Sn{H)] for an arbitrary subset H of Sym„ with n > 3. To simplify 
notation, throughout this section we put 

M = (ai,a2, ••• ,an I (1102 •• -fln = aa(l)a<7(2) •• -(1(7(71), cr G il) (1) 

li a = '^ZxeM ^ ^'^[M]; with each € K, then the finite set {x G M \ kx 
0} we denote by supp(a). It is called the support of a. 

Proposition 2.1 Suppose that there exists k such that, for all a € H, a{l) ^ k 
and cr(n) k. Then JiK[M]) = 0. 

Proof. Suppose that J'(_ft'[M]) ^ 0. Let a € ^{KIM]) be a nonzero element. 
Because, by assumption, cr(l) k for all ct € -ff, we clearly get that a|a ^ 0. 
As ala e J{K[M]), there exists /3 e K[M] such that a^a + /3 + /3a^a = 
0. Obviously, (3 ^ K. Let ai, (3\ be the homogeneous components (for the 
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natural Z- gradation of /^[M]) of a and /3 of maximum degree respectively. Then 
(3ia\ai = 0. In particular, there exist wi,W2 in the support of /3i and w'-^,W2 in 
the support of a\ such that 

wxa\w'i = W2aj.w'2 

and either wi ^ W2 or a1w[ ^ o^w'2- But, because o-(n) ^ k for all a £ H, this 
is impossible. Therefore J{K[M]) =0. | 

Corollary 2.2 If H is a subgroup of Sym„ and j7'(ii'[M]) ^ i/ien H is a 
transitive subgroup o/Sym„. 

Proof. Suppose that i? is a subgroup of Sym„ and ^{KIM]) ^ 0. By Propo- 
sition 2.1, for all k there exist a € H such that either cr(l) = fc or (T(n) = k. 
Suppose that H is not transitive. Then there exists 1 < j < n such that 
j ^ {cr(l) I (7 £ -ff}. Hence there exists a € H such that a{n) = j. Thus the 
orbits Ii — {(j(l) I a G H} and I2 — {cin) \ cr G i?} arc disjoint nonempty sets 
such that h U I2 = {1, 2, . . . , n}. So, there are no defining relations of the form 
ai • • • = On • ■ • , nor of the form ■ • • ai = ■ • • a„. Consequently, if ^ a £ K[M] 
then a^a ^ and aaf ^ 0. 

Let a £ ^/(^^[M]) be a nonzero element. Then, afa^a ^ 0, and there exists 
/? e ii'fM] such that af a^a + /3 + /3af a^a = 0. Clearly, it follows that (3 ^ K. 
Let ai, Pi be the homogeneous components of a and /3 of maximum degree 
respectively. We obtain that fHiofa'^ai = 0. In particular, there exist wi,W2 in 
the support of /3i and w[,w'2 in the support of ai such that (wi, w^) 7^ (w2, ^^2) 
and 

Wiala^w'i = W2aia^w'2- 

Again, because there are no defining relations of the form • • • = a„ ■ • • nor of 
the form ■ • • ai = ■ • • a„, this yields a contradiction. Therefore H is transitive. 
I 

Let z = aia2---an € M. The fact that z is central in M = Sn{H) for 
the case of the cyclic group H generated by (1,2,..., n) was an important tool 
in [3]. In Section 4 we will show that is central if M = S'„(Alt„). In the 
following properties we show that the centrality of z"*, for some positive integer 
m, has some impact on the algebraic structure of M and isr[M]. But first we 
determine when z is central in case H is a, subgroup of Sym„. 

Proposition 2.3 Suppose H is a subgroup of Sym„ and put z = aia2 ■ ■ 
The following conditions are equivalent. 

(i) z is central in M = Sn{H), 

(ii) aiz = zai, 

(Hi) H contains the subgroup of Sym„ generated by the cycle (1, 2, . . . , n). 
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Proof. Let Ho denote the subgroup of Sym„ generated by the cycle (1, 2, . . . , n). 
Assume Hq C H. Then M = Sn{H) is an epimorphic image of Sn{Ho). As 
aia2 ■ • • a„ is central in Sn{Ho), it follows that z indeed is central in M. 

Assume now that aiz = zai. We need to show that Hq C H. Every 
defining relation can be written in the form; z = akCk, with 1 < A: < n, 
Cfe = Yli=i,i^k^r{i), r e Sym({l,...,n} \ {fc}) C Sym„. By assumption, 
0^02 • • • On = o,iz = zai = afeCfefli. Since OfeCfe is a product of distinct gen- 
erators, there must exist a relation of the form CfcOi = z. Since also ,2 is a 
product of distinct generators, it follows that k = 1. Thus z = aici = ciai. 

(12 n — 1 n \ 

1 r(2) . . . r(n - 1) Tin) ) 

and the equality z = c\a\ gives = \ }n\ Jq^ ' " ''^ r \ ? ) ^ ^■ 



^ t(2) r(3) . . . r(n) 1 ^ 
Hence {1,2, ... ,n) = cricr^^ e H and so i?o C H. The result follows. | 

Assume now that z™ is central, for some positive integer m. Note that 
then the binary relation p' on M, defined by sp't if and only if there exists a 
nonnegative integer i such that sz'^ = tz^, is a congruence on M. We now show 
that Gn{H) is the group of fractions of M = Mj p' . We denote by a the image 
in M of a G M under the natural map M — > M. 

Lemma 2.4 Suppose that z™ is central for some positive integer m. Then, 
p' = p is the least cancellative congruence on M and Ma fl aM n {z'^) ^ for 
every a E M. 

In particular, M = M/p is a cancellative monoid and G = M{z~"^) is the 
group of fractions of M. Moreover, G = Gn{H) = gr(ai, . . . , a„ | 0102 ••• = 

Proof. Since z™ is central, we already know that the binary relation p' is a 
congruence on M. Let a = Ui^at^ ' " ^ik ^ We shall prove that aM fl (z™) ^ 
by induction on k. For fc = 0, this is clear. Suppose that fc > and that 
6Mn (z™) 7^ for all 6 G M of degree less than k. Thus there exists r E M such 
that ttii • • ■ai^_^r G (z™). Since Oi^z™ = z"^ai^, it follows easily from the type 
of the defining relations for M that there exists w G M such that Ui^w = z. We 
thus get that awz™~^r ~ Oi-^ . . . ai^_-^z"^r = a^^ . . . Oi^ -^rz"^ € (z™). Similarly 
we see that Ma n (z™) 7^ 0. Therefore p' is the least cancellative congruence 
on M and M{z~™') is the group of fractions of M and the second assertion also 
follows. I 



Proposition 2.5 Suppose that z™ is central for some positive integer m. Let 
ai, . . . , afc e I{p) n i\:[Mz™]. T/ien f/ie irfmZ K[M]aiK[M] is nilpotent. 

In paHicular, I{p) n if [Mz™] C B{K[M]). 

Proof. Let ai, . . . , offe G I{p) r\K[Mz™']. Clearly there exists a positive integer 
A'' such that a^z"'^ = 0, for alH = l,...,k. Since z™ is central and G 
iffMz™], we have that (X^Ili K[M]aiK[M])^+^ = and the result follows. | 
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Proposition 2.6 The following properties hold. 



(i) J{K[M]/K[MzM]) = 0. 

(ii) J{K[M]) C K[Mz U zM]. 

(Hi) J{K[M]f C K[Mz'^MzMuMzMz'^M] C K[Mz'^M]. 

If, furthermore, z^ is central for some positive integer m, Mz'^M is cancella- 
tive and char(_ft') = then K\M M] has no nonzero nil ideal. In particular, 
B{K[Mz''M]) = 0. Furthermore, ifk = 2 then B{K[M]f = 0. 

Proof. To prove the first part, let X be the free monoid with basis xi,X2, ■ . ■ ,Xn. 
Then 

K[M]/K[MzM] ^ K[X]/K[J], 

where J = Uo-ei?u{i} ' ' ' ^a{n)^- Note that X/ J has no nonzero nilideal. 

Hence, by [15, Corollary 24.7], K[M]/K[MzM] is semiprimitive. Therefore 
J{K[M]/K[MzM]) = 0. 

To prove the second and third part, suppose that a = ^i^i ^ '^{^1^])^ 
with supp(q!) = {si, . . . , Srn} of Cardinality m and G if, is a homogeneous 
element (with respect to the gradation defined by the natural length function 
on M). Then a is nilpotent (see for example [17, Theorem 22.6]). Suppose that 
Si ^ zM and si ^ Mz. Let i, j be such that si S a^M n Maj. Then, for every 
k > 1, the element {siajOi)^ = siajaiSiajUi ■ ■ ■ can only be rewritten in M 
in the form {s'ajUi)'^, where s' S M is such that s' = si. Therefore, aajOi G 
J'{K[M]) Is not nilpotent, a contradiction. It follows that si, and similarly 
every Si £ MzU zM. Again by [17, Theorem 22.6]), we know that J{K[M]) 
is a homogeneous ideal. This implies that J'{K[M]) C K[Mz U zM]. Hence 
J{K[M]f C MzJ{K[M])zM C K[Mz'^MzM U MzMz'^M]. This finishes the 
proof of statements (ii) and (Hi). 

To prove the last part, assume char(ii') = 0, Mz'^M is cancellative and z"^ 
is central for some positive integer m. Since fliZ™ = z"^ai, It follows from the 
type of the defining relations for M that z G OjM fl Moi for every 1 < i < n. 
Hence, by Lemma 2.4, we know that Mz'^M has a group of fractions G (that 
is obtained by inverting the powers of the central element z*^™). Let / be a 
nil ideal of K[Mz''M]. Then K[G]IK[G] = /(z"*^") is a nil ideal of K[G]. 
Since, by assumption, char(K) = 0, we know from [16, Theorem 2.3.1] that 
then 7 = 0. So, if fc = 2 then, by the first part of the result, B{K[M])^ C 
K[Mz'^M] n B{K[M]). Since K[Mz^M] D B{K[M]) is a nil ideal of K[Mz'^M], 
the result follows. | 

Corollary 2.7 Suppose z is central. The following properties hold, 
(i) IfJ{K\M]) = then J{K[M]) = I{p) n K[Mz\. 
(it) IfB{K[M]) = then B{K[M]) = I{p) n K[Mz\. 
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(in) If B{K[M]) = then Mz is cancellative. The converse holds provided 
char(i^) = 0. 

Proof, (z) By Proposition 2.6, J{K[M]) C K[Mz]. Note that K[M] = 
K[M/p] = K[M]/I{p). Hence, if JiK[M]) = 0, we get that J{K[M]) C 
/(yo)niir[M;j]._^y Proposition 2.5 we thus obtain that J{K[M]) = I{p)nK[Mz]. 

(ii) If [Af] is scmiprimc, then, by Proposition 2.6, B{K[M]) C /(p) n 
K[Mz]. Thus, by Proposition 2.5, B(/s:[M]) = I{p) n X[Mz]. 

(iii) Because of Proposition 2.5, we know that I{p) n K[Mz] C B{K[M]). 
Suppose now that B{K[M]) = 0. Then, p restricted to AIz must be the trivial 
relation, i.e., AIz is cancellative. Conversely, assume that cliar(A') = and Mz 
is cancellative. Then, by Proposition 2.6, B{K[M]) is a nil ideal of K[Mz], and 
thus B{K[M]) = 0, as desired. | 



3 The monoid 5n(Alt„) 

In this section we investigate the monoid S'„(Alt„) with n > 4. The information 
obtained is essential to prove our main result, Theorem 1.1. Note that the 
cycle (l,2,...,n) G Alt„ if and only if n is odd. Hence by Proposition 2.3, 
z = aia2 • ■ • an is central if and only if n is odd. However, for arbitrary n, 
we will show that z"^ is central and that the ideal S'„(Alt„)2;^ is cancellative as 
a semigroup and we also will determine the structure of its group of fractions 
G„(Alt„). This information will be useful to determine the radical of the algebra 
i^[5„(Alt„)]. 

Throughout this section n > 4, M = 5„(Alt„) and G = G'„(Alt„). Let 
a e Alt„. Since the set of defining relations of M (of G, respectively) is a- 
invariant, a determines the automorphism of M (of G respectively) defined by 

Lemma 3.1 Let z = aia2 ■ ■ - an & M. 

(i) If n>A then atajz = zataj, for any different integers 1 < i,j < n. 

(ii) If n > 5 then aiajakZ = ajakaiZ and zaiajUk = zajakai, for any three 
different integers 1 < i,j,k < n. 

(Hi) If n = A and 1 < i,j,k < n are three different integers then 

1. if aiajakai = z then aiajakZ = ajUkaiZ = a^aiajZ = zakajai, 

2. if aiaittjak = z then zaiajUk = zajakai = zakaiaj = akajaiZ. 

(iv) If n > 6 is even then aia^akZ = zajaiak, for any three different integers 
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Proof, (i) If 1 < i, j < n are different then there exists a € Alt„ such that 
cr(l) = i and cr(2) — j. Hence 

aittjZ = aia.ja-{l, 2, . . . , Ti)^(aia2 ■ • • a„) 

(ii) and (iv) Suppose that n > 5. In this case, for any three different integers 
^ < i,j,k < n there exists a e Alt„ such that cr(l) = i, a{2) = j, a{3) = k. Let 
T = Tn & Sym„ be defined by r = id if n is odd, and r = if n is even. So 
Tcr(l, 2, . . . , n)^ e Alt„. Hence in M wc get 

aittjakZ = aiajakT(T{l,2, . . . ,n)^{aia2- ■ ■ an) 

= (a(T(i)ao-(2)ao-(3))(a<T(4) • • • a<T{n)<iT{i)0'T{j)ak) 
= a{z)a^(^i)ar(j)ak- 

In particular, (iv) follows. Since (1, 2, 3) e Alt„, this yields 

GittjakZ = (cr(l,2,3)(aia2 • • •a„))aT-(j)a^Q)afe 

= {ajakai)aa(i) ■ ■ ■ a^(^n)0'T{i)0'T(j)0'k = aja^aiZ. 
Similarly one proves that 

zcLiCijak = zajUkUi, 

for n > 5. 

{Hi) Suppose that n = 4. Let k, /} = {!, 2, 3, 4}. Then either aiajakai = 
z or aiUiajak = z. If aiajakai = z, then 

z = aiajttkai = ajakUiai = akUiajai, 

and, since z G aiM , we get 

aiajGkZ = ajakCLiZ = akdiajz. 

Clearly, aiaja^z ~ aiajak(aiakajai) = zakdjdi- 
Similarly, if aiaiUjak = z, we get 

zaiGjak = zajakdi = zakO-zCij = {akajaiai)ak(iiO'j = akdjCiiZ. 

I 

Lemma 3.2 Let z = a\a2 ■ ■ - an G M. Then z^ is central in M. 

Proof. If n > 6 and n is even then 

z'^ai = zaia2 • • ■ ttntti — aia2a3a4za5 ■ ■ ■ Qntti (by Lemma 3.1. (i)) 

= aia2a3a4,{{l, 5)(2, 3)(2, 3, . . . , n)^{aia2 ■ ■ ■ a„))a5 • • • a„ai 

= 01020304(0501106 • • • anasa2a4)a5 ■ ■ ■ o„oi 

= oi((l, 2, 3, 4, 5)(ai02 • • • o„))(2, 3)(1, 2, . . . , n)(ai02 . . . o„) 

= oi^;^. 
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If n = 4 then 

a\z^ = 01(03040102)^ = aia3a4,zaia2 (by Lemma 3.1) 
= 010304(02030104)0102 — 20301040102 
= 03012040102 (by Lemma 3.1) 
= 0301(02010403)040102 = 0301020104(03020401) 
= 03O1ZO2O4O1 = ZO3O1O2O4O1 (by Lemma 3.1) 
= ^;^Oi. 

Since Alt„ is transitive, we get that z"^ is central for ah even n. Since z is central 
in M for all odd n, the assertion follows. | 

Lemma 3.3 For n = 4, 010204032 = (7(01020403)2, for all a € Alt4, and it is 
central in M. In particular, a{z)z = za{z) = z^{z) = ^{z)z for any cr,^ & Sym4 
of the same parity. 

Proof. By Lemma 3.1, we have 

O1O2O4O32 = 01(030204)2 = 01(040302)2, 

and also 

01O2O4O32 = 201O2O4O3 = 2(020401)03 = 02O4O1O32, 
010204032 = 201020403 = 2(040102)03 = 040102O32, 
01O2O4O32 = 01O3O2O42 = 2:01030204 = 2(030201)04 = 03O2O1O42. 

Thus 010204032 = (7(01020403)2 for all a G Alt4. In particular, a{z)z = ^/{z)z 
for odd permutations a, 7. Of course such an equality also holds if 7, a are even. 
Note that, because of Lemma 3.1, za{z) = a{z)z for any permutations a. 

In order to prove that 010204032 is central wc only need to show that 
O1O2O4O3201 = 01O1O2O4O32. By Lemma 3.1, we have 

O1O2O4O3201 = 01O2204O3O1 = 01022(010403) 
= 01020104203 = 01(010402)203 
= 01O1204O2O3 = 0101(02040301)040203 
= 01010204032. 

I 

Lemma 3.4 Let 2 = 01O2 • • • o„ S M. 

(i) Ifn > 6 is even then a^aj{akaiarz) = aja^{akaiarz) and aiajaiaj{akaiarz) = 
ajaiajai{akaiarz) , for all 1 < i,j < n and for any three different integers 
1 < k,l,r < n. 
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(ii) If n > i, then a^ajz^ = ajO^z^ and aiajaiajz^ = ajaiajaiZ^ , for all 
1 < ijj < n. 

Proof, (i) Suppose that n > 6 is even. Applying Lemma 3.1 several times, we 

get 

aiaia2aia2a^z = aiaia2{a^aia2z) = 010102(2030201) 
= 01(20102)030201 = oi (2020301)0201 
= 01(02032)010201 = (2020103)010201 
= (02012)03010201 =0201(2010203)01 
= 0201(010203012) = 020101(0102032), 



01O2O1O2O1O2O32 



01020102(2030201) = 0102(20102)030201 
= 0102(0302012)0201 =010203(20201)0201 
= (2020103)02010201 = (02012)0302010201 
= 0201(2020103)0201 =0201(02012)030201 
= 02010201(0102032) 

and, for every i e {1, 2, . . . , n} \ {3, 4}, 

0101020^03042 = 010102(03040^2) = 01010203(2040,) 

= 01(2020103)040, = ai(2a3a2ai)a4ai 

= 01(0,3022)01040^ = (020,1032)01040; 

= 020103(01042)0^ = 0201(0104032)0,; 

= 020101(20403)0^ =020101(0^03042), 



010201020,03042 = 01020102(204030^) = 0102(20102)04030^ 

= 0ia2(a4a2ai2)a3ai = 010204(20201)030^ 

= (202010,4)020,1030^ = (02012)04020,10302 

= 0201(202010,4)030; = 0201(02012)04030, 

= 02010201(0^030,42). 

Hence, in each case applying an appropriate u G Alt„ and using Lemma 3.1, we 
obtain a?aj(afcaiar-2) = aja^{akaiarz) and aiOjOiOj (0^0^07.2) = ajaiajai{akaiarz), 
for all 1 < i, J < n and for any three different integers 1 < k,l,r < n. 

(ii) Suppose that n is odd. Let 2' = O6O7 • • • o„ (so 2' is the identity element 
if n = 5). Since 2 is central in M, by Lemma 3.1, we have 

0101022^ = 010102(03040501 a2)2'2 = ai(a2a3ai)a4a50ia22'2 

= (a2a3ai)(a4a5ai)aia22'2 = a2(aia4a3)a5aiaia22'2 

= a2aia4(aia3a5)aia22'2 = a2ai(aia3a4)a50ia22'2 

= 0201012^ 
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and 

a\a2a\a2Z^ = aia'2aia'2{Q'iO,^ciia2a\)z' z = aia2{a^aia2)a5aia2a\z' z 

= aia2as{<^5Q'io-2)a'A<i20iiz' z = ai{a^a2a^){a20'A0.i)ci20,iz' z 

= {a2aia5)aza20'AO,iO'2aiz' z = a2ai{a2azaz){aia2aA)a\z' z 

= a2a\a2{axa^az)a2aia\z' z = a2a\a2a\Z^ . 

For n = A, we have 

aia\a2Z^ = aiz^aia2 = ai(a2fl3<iiC4)(c2«3Ci0S4)c'i<i2 

= aia2as{a4a2aias)aia4aia2 = (a2aia4a3)a2aifl3fflia4fliffl2 

= 0201(01030402)0301040102 = 0201010304(01020304)0102 
2 

= 02O1O12; 
and, by Lemmas 3.1, 3.2 and 3.3, 

01020102-2^ = 2;Oi022;Oi02 = 020i(04030i022;)0i02 

= 020i(020i0304z)0i02 = O2O1O2O1O3O4O1O2Z 
2 

= a2aia2aiz . 
Hence, if n is odd or n = 4 and for a G Alt„ we have that 



and 
So 



«<7(i)a<7(i)a(7(2)-2^ = 0(7(2) 0(7(1) a<7(i) 2^ 



o<7(i)a<7(2)a(7(i)ao-(2)2:^ = ao-(2)«cr(i)acr(2)a(7(i)2:^- 



2 2 2 2 2 2 

OjOjZ =OjOj2; and OjOjOjOjX = OjOjOjOjZ 



for all I < i,j < n, and {ii) follows. 

Suppose that n > 6 is even. By Lemma 3.1, z"^ = a2aiazza4,a^ ■ ■ ■ an- Con- 
sequently, by (i), we get that 

alajZ^ = ajo^z'^ and aiajGiajz'^ = ajaiajaiZ^ 

for all I < i,j < n, as desired. | 



Lemma 3.5 Let z = 0102 • • • On € M. For 1 < i < j < n, let Fij = {ai, aj). 
Then 



(i) The elements in z'^Fij are of the form 



z^af^a^w, 



wherew € {l,ai,aj,aiaj,ajai,aiajai,ajaiaj,aiajaiaj} andni,n2 arenon- 
negative integers. 
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(ii) The elements in z'^{M \ Ui<i<j<n ^^o) ^'''^ °f form 

where ii < 12 < n, Si^i^ e F^^^^ \ {{ai^) U {ai^)), mi, TO2, . . . , m„_i2 are 
nonnegative integers, and Y^^Il^ mj > 0. 



Proof, (i) By Lemma 3.2, z is central in M 

aiajaiajaiz^ = {ajaiajai)a 

aiajaiUjaiajz'^ = {ajaiajai)a 

aiajaiajaiajGiZ^ = {ajaiajai)a 



Now, by Lemma 3.4, we have 



2 22 

ajZ —ajaittjaja^z , 

2 4 2 2 

ajttiZ = aja^ajZ , 
,2^2 4^4 ^2 



(ojaj) z = (ajai) {aiaj) z = a^a^z 



Therefore 



/ \2 2 2 2 

[aiaj) UiZ = ajQiajQ^z , 

/ 222 222 

[aiaj) z = ajaia^a^z = ajaia^ajZ , 

/ \3 2 422 242 

[aiaj) aiZ = aja^ajZ = a^a^aiZ , 

/ \4 2 442 442 

[aiaj) z = a^ajZ = a^aiZ , 

for all 1 <i,j < n. The above easily implies that the elements in z^Fij are of 
the form 

2 2ni 2712 
Z a^ 'ttj- ^W, 

where w S {l,ai,aj,aiaj,ajai,aiajai,ajaiaj,aiajaiaj} and ni,n2 are nonneg- 
ative integers. 

{ii) Let 1 < i < j < n and k G {l,...,n} \ {i,j}- Then, by (2) and 
Lemmas 3.1, 3.2 and 3.4, it is easy to see that 

akZ^{Fij \ {{ai) U (aj))) = z^{Fij \ ((a^) U {aj)))ak, (3) 

for all n > 4. 

Let s e M \ Ui<i<j<7, Fij- Then s = aj^aj^ ■ ■ ■ aj^, where {ji, . . .,jk} is a 

subset of {1, . . . , n} of cardinality > 3. We shall prove that z^s is of the form (2) 
by induction on the total degree A; > 3 of s. For fc = 3, we have that ji, j2) js 
are three different elements and, by Lemmas 3.1 and 3.2, 

2 2 2 

z ttj-^Qj^aj^ — z Qj^aj^aj-^ — z aj^aj-^aj^, 

thus the result follows in this case. 

Suppose that fc > 3 and that the result is true for all elements in M \ 

Ui<i<j<ri F''3 '^^ total degree less than k. Then either aj^ ■ ■ ■ aj^, G Fi^^i^ \ ((flji ) U 
(ajj)), for some ii < i2, or aj^ • ■ ■ aj^ S M \ Ui<i<j<n ^ij- ^y the induction 
hypothesis 

,6 U'lrj Ut, — ^ 7qU.„- ,1 a„- 10 0.71 , 
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where ii < 12 < n, Si^i^ G F^^j^ \ ((flii) U (0,2)) and TTii, . . . , mn—i2 ^ 0. We may 
assume that j\ ^ {n,i2} and, by (3), 



j,2 2 mi m2 



Suppose that ji < 12- In this case, by Lemmas 3.1 and 3.2, we get 

2 / \ 2 „2„„,2 

J2 



(^ii ^22 )^ 



^ii %l ^^2 ^ 
2 /„2 \„ „ „ _2 



(0-21^22) ^jl^ 0-21 ^22 (^^2 ^Jl )^ (^22 ^ ' 

{ai^ai2)'^ai^aj^z'^ = ai^ai2{af^aj^ai2)z'^ ^ {afjai^ai^aj^ai^z'^ 

= a2i(aiia2iai2)ai2^^ = a\{a1^)anai^z^ , 

{antti^faj^z^ = ai^ai2{a\ai^aj^ai^)z'^ = {a'^Jai^ai^ai^aj^ai^z'^ 

= a1^ai^{ai^aj^ai2)ai^z'^ = {a\)a1^aj^ai2ai^z'^ 

= a\a\{ai^aj^ai2)z'^, 

{ahdi^fai^aj^z^ = a^^a^2{a\a\aj^a^^)z^ = {a\a1^)ai^ai2aj^ai^z'^ 

= a\a\ai^{a-j^ai^ai2)z'^ . 

By Lemma 3.4 and (2), the result follows, in this case. 

Suppose that ji > 12- By Lemma 3.4, Si^i^ e (Fi^i^Ui^ai^) U {Fi^i^ai^UiJ. 
Note that if Z2 < fc < ji , then 

zai^ai^aj^ak = zai^ai^akaj^ and zui^ai^aj^ak = zai^ai^auaj^. 

Therefore (3) implies that z'^s is of the form (2). Thus the result follows by 
induction. | 

Lemma 3.6 Suppose that n > 6 is even. Let z = aia2---a„ € M. For 
I < i < j < n, let Fij = {ai,aj). Let k,l,r be three different integers such 
that 1 < k,l,r < n. Then 

(i) {akaiarz)ai = ai{akaiarz), for all i G {1,2, . . . ,n} \ {k,l,r}. 

(ii) {akaiarz)ai = ai{aiakarz), for all i € {k,l,r}. 
(Hi) The elements in akaiarzFij are of the form 

akaiarZa^^^d^'P'^w, 

where w £ { 1 j} andni,n2 are non- 

negative integers. 

(iv) The elements in akaiarz{M \ Ui<i<j<7i ^ij) ^'''^ ^f the form 

'»l»2"i2 + l"'i2+2 



where ii < 12 < n, Si^i^ g F^^i.^ \ {{ai^) U (0,2)); mi,m2, . . . ,m„_j2 are 

■ij- 



nonnegative integers, and Y^^T ™j > 0- 
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Proof, (i) Let i £ {1,2, . . . ,n} \ {k, I, r}. By Lemma 3.1, we have 

{akaiarz)ai = ak{zaiar)ai = akz{aiaiar) = ak{aiaiz)ar 
= {aiaiak)zar = ai{zaiak)ar = ai{akaiarz). 

(m) Let i G {k, I, r}. By Lemma 3.1, we may assume that i = k, and we have 

{akaiarz)ak = ak{zaiar)ak = akz{akaiar) = ak{aiakarz). 

The proof of {in) and (iv) is similar to the proof of Lemma 3.5. Namely, it 
is obtained by using (i) and (ii) in place of the fact that z'^ is central and using 
Lemma 3.4(i) in place of Lemma 3.4(m). | 

Lemma 3.7 Suppose that n>6 is even. Then 

{MznMzar)= {MaiajUkzU Majaiakz). 

l<r<n l<i<j<k<n 

Proof. By Lemma 3.1, we have that 

aia2a3Z = za2aias = a2aiza3. 

Note that if 1 < i,j,k < n are three different integers then, since n > 6, there 
exists a G Alt„ such that a{l) = i, a{2) = j and a{3) = k. Therefore 

y {MznMzar), (4) 

l<r<n 

for all different 1 < i, j, k < n. 

Suppose that y}^^^^^^{MzC]Mzar) % [j^^^^^^^^^{Maiajakz\J MajUiakz). 
Let s e Ui<r<n(-^^^ ^ Mzar) \ Ui<i<j<fc<ii(^'-^«'«j«fe^ U Majttiakz) be an el- 
ement of minimal length. There exist 1 < r < n, s' = aj^ ■ ■ ■aj,._i G M and 
s" = ai-^Gi^ ■ ■ ■ such that s = s' zar = s" z. Thus there exist wi, W2, ■ ■ ■ , Wm in 
the free monoid FM„ on {ai, . . . , a„}, such that wi = aj-^ ■ ■ ■ aj^_^aia2 ■ ■ ■ ana^, 
Wm = ail'-- aifcOia2 • • • a„ and w.^ = w.'i,tW.'2,iW.'3,i = w'^iW'^^w'^^, where W2,i and 
^2,1 represent the element z in M for alH = 1, . . . , m, and Wij = w[ ,j_^_i and 
= w'ij+i, for all j = 1, . . . , m - 1. 

Let g: {1,2,.. . ,rn} x {1,2,..., n + k} — > {1,2,..., n} be such that Wi = 
0'g(i,i)0'gii,2) ' ' ' o,g(i.n+k) for all 2 = 1, . . . , TO. Let t be the least positive integer 
such that ag(^t^k+i)'ig{t,k+2) ■ • ■ 0Lg(t,n+k) represents z in M. Since n is even, t>l 
and g{i, n + k) = g{t, n + fc) = r, for alH = 1, . . . , Hence 

0'g(l.l)0'g(l.2) • • • 0.g{l,n+k-l) i ■ ■ ■ i <^g{t-l,l)1g(t-l,2) ' ' ' 1g(t-l,n+k-l) 

represent the same element in M. Furthermore, the length of w^^t-i is less than 
n and greater than 0. 
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Suppose that W3,f_i = ar. In this case, W2 t^r = o,g{t.k) ' ' ' o.g{t.n+k) a-iid 
W2,t-i(ir represent the same element in M, but in M we have that zur ^ ag(t^k)Z, 
a contradiction. Therefore the length of wz,t-i is greater than 1. 

Suppose that tt'3,j_i = ag(t-i,n+k-i)ar- In this case. ?i.'2,t-iag(t-i,„+fc-i)ar 
and W2,tag(t_i_„+fe_i)ar = ag(t,fe-i)ag(*,fc) ' ' ' S(t,n+fc) represent the same ele- 
ment in M . Since 

'^9(l.l)'^9(l,2) ' ' ' '^s(l,n+fe-l)) • ■ • ; 0,g{t-l,l)0'g{t-l,2) ' ' ' Og(t-l,n+fe-l) 

represent the same element in M, we have in M that 

«g(l,l) • ■ • «g(l,fe-l)2 = ag(l,l)ag(l,2) • • • ag(l,n+fe-l) 

= «g(t-l, 1)05(4-1, 2) ■ • • ag(t-l,n+fc-l) 

= 0'g(t-\,l)0-g(t-l,2) ' ' ' «3(t-l,fe-2)2;ag(t_i,„+fe_i). 

Thus ag(i,i) • • • ag(i_fe_i)^; e n M^;ag(t_i,n+fc-i)- By the choice of s, we have 
that 

ag(i,i) • • • ag(i,fc-i)^ S U {MaiUjakZ U MajUiakz). 

l<i<j<k<n 

Since s = ag(i,i) ■ • ■ ag(^i^i.-i)zar, by Lemma 3.6 (i) and {ii), 
s€ {MaiajakzU Majaiakz), 

l<i<j<k<n 

a contradiction. Therefore the length of w^^t-i is greater than 2. 

Thus W3,t_i = ag(^t_i^n+k-i) ■ ■ ■ ag{t-i,n+k-i)ar for some 1 < I < n. In this 
case, 

^2,tOs(t-l,"+fe-0 ■ ■ ■ 0(g(t-l,ra+fc-l)«r = Clg{t,k-l) ' ' ' 0'g{t,k-l)(ig{t,k) ' ' ' ag(t,ri+fe)- 

Since ag(f,fe+i) • • • ag(t,n+fc) represents 2; in M and I < n, we have that g{t — 
l,n + k — I), . . . , g{t — l,n + k — 1), r are I + 1 different integers. Hence s G 
M2;ag(t_i,„+fe_;) ■ • •ag(t_i,„+fe_i)ar. By Lemma 3.1, 

se 1^ {MaiajakzU Majaiakz), 

l<i<j<k<n 

a contradiction. Therefore 

(J (MznM2;ar)C (J {MaiUjakZU MajUiakz). 

l<r<n l<i<j<k<n 

By (4), the result follows. | 

Lemma 3.8 Suppose that n > 6 is even. Let s = aj^aj^ ■ ■ ■ aj^ € M \ MzM 
such that 

sz ^ U {MaiUjakZ U MajaiUkz). 

l<i<j<k<n 

Then, for si, S2 G M, sz = Sizs2 implies that S1S2 = s. 
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Proof. Let si, S2 G M such that sz = sizs2. Then, by an easy degree argument, 
Si = Ui^ - ■ • and S2 = ciik+i ' ' • (^im ^'^^ some k and some ai^,. . . , . Thus 
there exist ivi, IU2, ■■■ ,'Wt in the free monoid FM„ on {ai, . . . ,o„}, such that 
Wi = 'Wi,iW2,iW3,i = i, whcrc W2,i and W2 represent the element z in 

M for alH = 1, . . . , wij = W'l j+i and wsj = w'^^ .jj^^, for all j = 1, . . . , f — 1, 
and w'l i = %iaj2 •••ajm, w's.i = 1> wi^t = dii ■■■aik and W3,( = 0,^,^1 •••aim- 
Thus, wi = aj-^ ■ ■ ■ aj^W2 I and wt = ai-^ ■ ■ ■ fli^ W2,tciifc+i ' ' ' • It is enough to 
prove that wi^iWs^i = aj^ ■ ■ ■ aj^ , for all z = 1, . . . , by induction on t. 

If the two subwords W2,i and w'2 i of the word wi = aj^aj^ ■ ■ •aj„.«'2 1 = 
Wi.iW72,iWA'i,i do not overlap, then ?i'2.i is a subword of flj^ ■ • -aj^^, which is not 
possible because the latter represents s in M and s ^ MzM. Therefore they 
overlap and hence the degree of ws^i is less than n and ws^i is a product of 
distinct letters. Since wi represents sz in M and sz ^ Ui<i<j<fe<n(^^'^i%'^'t-zU 
MajQiakz), it follows that ws^i cannot have degree 1 by Lemma 3.7 and it cannot 
have degree greater than 2 by Lemma 3.1. Hence, the degree of ws^i is or 2. In 
the former case, clearly wi.iwa.i = wi.i = w'n = cij-^aj^ ■ ■ -dj^. Suppose that 
Wa^i has degree 2. From the equality of words aj^aj^ ■ ■ ■ aj^w'2 1 = wi, 1^2, 1^3,1 
it follows that aj^_^aj^w'2 1 = W2,iW3,i. Since in M a^ajZ = zukUi if and only 
if i ^ j and = {k,l), this implies that that w^^i = aj^ -^aj^ and clearly 
= fljiCfj^ ' ■ '%Tn-2- Hence, in both cases, wi, 1^3,1 = aj^ ■ ■ -aj^. Suppose 
that t > 1 and wi^iW^^i = aj^ ■ ■ ■ aj^ , for alH = 1, . . . , f — 1. 

We have that w[j. = wi,t_i = aj-^ • ■ • aj^ and w'^ j = w^^t-i = ' ' ' aj™> 
for some < g < to. Hence Wt = aj^ ' ' ' t'^jq+i ' ' ' (^jm — ■"'i,t^2,fW^3,t- 

Since aj^ ■ ■ ■ aj^ ^ MzM by the hypothesis, as above we get that the subwords 
'W2.t and W2 J of the word wt have to overlap. 

Let r be the absolute value of the difference of the lengths of the words 
wi^t and w'l j. Then r < n. The equality of words w'l ^.102 fw'^ ^ = wi,tW'2,tW'3,t 
implies that either W2 ^u' = uw2.t or u'w2t = W2,tu for some words u,u' of 
length r. Then all the generators involved in u (and also in u') are different. 
Since wt represents sz in M and sz ^ Ui<i<j<fc<n(-^'*»^j'*'=-^ ^ MajUiakz), by 
Lemma 3.1 we get that r < 2. If r = 1 then we get zap = UpZ in M for some p, 
which is impossible since n is even. Hence, r = or r = 2. As above we can see 
in the both cases that wi.tU's,* = aji ■ ■ ■ aj,n- The result follows. | 

Let I = {s e M \ sM C Mz) and I' = {s & M \ Ms <Z zM}. Clearly, I 
and /' are ideals of M. Let 7i = {s G Mz \ sai G Mz, for alH = 1, 2, . . . , n}, 
/{ = {s e zM I aiS G zM, for alH = 1, 2, . . . , n} and 

T= {MaiajakzU Majaiakz). 

l<i<j<k<n 

Let u,u' be words in the free monoid FM„ on {ai, 02, . . . , , a„}. We say 
that u' is a one step rewriting of u if there exist Ui,U2,U3, u'2 in FM„ such that 
u = U1U2U3, u' = W1W2W3 and both ^2, u'2 represent z in M„. 

Lemma 3.9 Suppose that n >6 is even. Then I = I' = Ii = I[ = T . 
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Proof. By Lemma 3.6 (i) and (ii), we have that T is an ideal of M. Hence 
TCI. Suppose that these two ideals are different. Let s G / \ T. Since s G /, 
there exists s' £ M such that s = s'z. We consider two cases. 
Case 1: s' e MzM. 

Then let s" e M be an element of minimal degree such that s' € Mzs" . 
Thus there exists t G M such that s' = tzs". Since s = tzs"z ^ T, we have that 
s" has degree greater than or equal to 2. By Lemma 3.1 and the choice of s" , 
there exists i such that s" G afM \ MzM, so s" = a^aj^ ■ ■ ■ aj^ for some m > 0. 
Let si G M be an element of minimal degree such that s"z G s\zM. Then 
there exists ,S2 £ M such that a" z = sizs2. Since ,s = tzs"z = tzsizs2 ^ T, 
it follows that si has degree greater than or equal to 2. Since s" ^ MzM and 
s"z = S1ZS2 ^ T, by Lemma 3.8, we have that s" = siS2- Let 



Note that sah = tzs"zah = tzs\zs2ah and s' = tzs" = tzsiS2- By the choice of 
s", if we rewrite tzsi, this has to be of the form t'si for some t' . Note also that 
all rewritings of S1ZS2 must be of the form: s'izs'2 where s[s2 = s" . Now we look 
at the one step rewritings of s'izs'2ah- If S2 = 1 then every one step rewriting 
of s'j^zsgfl/i cannot affect the last because n is even. If 53 7^ 1 then every one 
step rewriting of s'izs'2ah cannot affect the last ah because the last generator in 
s'2 is also ah- By the choice of si all possible rewritings of sizs2ah are of the 
form siwah for some w. But this shows that san = tzs" zan = tzs\ZS2ah ^ Mz, 
a contradiction since s G I. 
Case 2: s' ^ MzM. 

Then s' = • • • aj^ for some m > 0. If m = then s = s' z = z and 
sai = zai ^ Mz, a contradiction. Hence m > 0. Suppose Si,S2 G M are such 
that s = s'z = Sizs2- By Lemma 3.8 we get s' = siS2- Using a similar argument 
as in Case 1, one can show that all the rewritings of saj^ cannot affect the last 
generator aj^. Therefore saj^ = s'zaj^ ^ Mz, a contradiction since s G /. 
Therefore I = T. 

Clearly, we have I C h. Let s G Ji and let i G M \ {1}. Then t = art' for 
some 1 < r < n and t' G M. Since sa^ G Mz fl Mzar, by Lemma 3.7 it follows 
that St = sttrt' GTt' CTC Mz. Therefore s G / and so 7 = /i. 

By Lemma 3.1 and Lemma 3.6 {i) and (ii), 




ff m = 
if m > 0. 





l<i<j<k<n 



l<i<j<k<n 



Thus, by symmetry. 



I = r = = I[=T. 



I 
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4 Proof of Theorem 1.1 



In this section we prove our main result, Theorem 1.1. So again, n > 4, M = 

SniAltn) andG = G„(Alt„). 

Recall that p' is the binary relation on M, defined by sp't if and only if there 
exists a nonnegative integer i such that sz* = tz^. By Lemma 3.2, is central 
in M. By Lemma 2.4, p' = p is the least canccllativc congruence on M. 

Proof of (i). Let k} be a subset of {1,2,..., n} of cardinahty three. By 
Lemma 3.1, in G, we have 

aittjUk = ajUkai = Ukaiaj. (5) 

By Lemma 3.4, in G, we also have aiUjaiaj = ajaiajai and a^aj = aja^, for all 
^ ^ i, j ^ n. Therefore {aiaja~^aj^)^ = 1. 

Let T € Sym„ \ Alt„. By (5), it is easy to see that in G wc have that 

(2 3)(aia2 • • • a„) = aia3a2a4 . . . a„ = a^(i)a^(2) • • • a^(„). 

Hence we have the following presentations of the group G. 

G = gr(ai, . . . ,a„ I aia2 • • -an = a^(i)ao.(2) • • •acr(n),cr G Alt„) 
= gr(ai,...,a„ | aia2---a„ = a„(i)ao.(2) •••a<7(n), 

01030204 • • - On = a^(i)fV(2) • • • a^(„), a G Alt„, r € Sym„ \ Alt„). 

Note that, by (5), ai(aia2a]^^a2"^)a^^ = aia2ai^a2^ , for all 2 < i < n. Fur- 
thermore 

0i(0i020j"^02 ^)o^^ = 0i(0i0203)(03 ^0^^0^^)o^^ 

= oi(o2030i)(o7^o^^03 ^)o^^ by (5) 

= 0102030^ "'^Oi^^aj""'^ 

= Oia2a3(a3""'^aj^"'^02^^) by (5) 

= 010205^^02^ 



and 



02(0i020]^^02 ^)02^^ = O2 (01O2O3) (O3 ^ O J" ^O^^ )o^ ^ 

= 02(o30ia2)(o2 ^Og ^aj"'^)o2 ^ by (5) 

= 02030iO^^Oj~^0^^ 

= (010203)03 ^of^02^ by (5) 
= 0ia2Ctr^^2'^- 

Therefore aia2aj~"'^a2^^ is a central element of order at most 2 in G. Let G 
be the central subgroup C = {1, oi02o]"^02"^}. Then G/G has the following 
presentations. 

G/C = gr(6i,. .. ,6„ I 6162 = 6261, 6162 = J>(7(l)^'a(2) • --^aCn), 

&1&3'>2&4 ■■■K = br{l)br(2) ' ' ' ^r(«), cr S Alt„, T G Sym„ \ Alt„) 

= gr(6i, ...,hn \ 6162 ■■■hn = ba{i)b^{2) ■ ■ ■ b^{„), o G Sym„). 
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Hence G/C is a. free abelian group of rank n and, since C = G' , in G we have 

for all i ^ j, because there exists a e Altn such that <t(1) = i and a{2) = j. 

We now show that aia2aj~^a^^ 7^ I. For this, let FM„ be the free monoid 
on the set {ai, . . . , a„}. We define the map /: FM„ — > {— !> 1} by 

l<j<k<m 

Note that if two words w, w' G FM„ represent the same element in M„ then 
f{w) = f{w'). In particular, 

aia2z"^ 7^ a2a\z"^ 

in M, for all m. Now, by Lemmas 3.2 and 2.4, we have that a\a2 ^ 01201 in G, 
as desired. 

As seen above, every af is a central element in G. Let D be the central 
subgroup of G generated by of , . . . , a^. Now G/D is finite because C is finite 
and G/{CD) ^ (Z/2Z)". Hence (i) follows. 

Proof of (m). By (i), -fir[G] is a noetherian Pl-algebra for any field K. Fur- 
thermore, by [16, Theorem 7.3.1] J{K[G]) C J{K[C])K[G]. Thus, if K is a 
field of characteristic ^ 2, then ^/(-/^[G]) =0. If if is a field of characteristic 2, 
then J{K[G]) = (1 - aiaaar^a:^^)^!^], and J{K[G])^ = 0. 

Proof of (Hi). By Lemma 3.2, is central in M. Note that two elements of 
different forms (2) in M are different in G and they thus also differ in M. Also, 
two elements of M that have different forms (2) are different in G and thus also 
in M. Moreover, elements in (2) and (2) are different. Since z"^ is central in 
M, it follows from Lemma 2.4 that every right ideal of M contains 2;^*^ for some 
positive integer k. Therefore, if sx = tx for some s,t € z'^M and x G M, then 
sz^'^ = tz'^'^, for some k. We may assume k is even. If 4 divides n then sz^* = 
s(ai • • • a„)'^(a„ • • • ai)'^ = saf' ■ ■ ■ by Lemma 3.4(m). If n = 4j + 2 for some 
j then sz"^^ = s(aia2(ai • • ■ a„)(a3 ■ • ■ a„))'' = s(aia2(aia2a„ • • • 03)03 • • • a„)'' = 
5(01020102^3 • • • = 'S'^i'^ ' ' ■ t>y Lemma 3.1 and Lemma 3.4(ii). If n = 
Aj + 1 then 2; is central and thus we get that sz"^^ = s(ai(ai ■ • • a„)o2 • • • o^)*^ 
= s(ai(aio„ • • -02)02 • • -On)*^ — sa\^ ■ ■ -a^, by Lemma 3.4(iz). Finally, if n = 
4j + 3 then, again by Lemma 3.4(m), sz^'' = 5(010203(01 • • • o„)o4 • • • an)'' = 
5(010203(03010204 • • • o„)a„ • • • 04)*= = s(oi020i0203 • • • o^)*" = saf' ■ ■ ■ a^. So, 
by Lemma 3.5 and by the previous comments, we always get s = t. This and a 
symmetric argument show that z'^M is cancellativc and also that the ideal z'^M 
embeds into M/ p. Hence, again by Lemma 2.4, G = {z'^)M{z~'^). 

Since K[G] is a Pl-algcbra and G is the group of fractions of M/p by 
Lemma 2.4, K[M/p] is a finitely generated Pl-algebra. Let M = M/p. Since 
G is a nilpotent group, from [13, Theorem 4.3.3] and the comment following 



19 



it wc know that K\M] is nocthcrian. By [15, Theorem 18.1], J{K[M]) is 
nilpotent. Therefore, there exists a positive integer m such that J{K[M])"^ C 
I{p). By Proposition 2.6, J{K[M]f C K[z^M]. Since z^M is cancellative, 
l\p) n K[z'^M] = 0. Hence J{K[M]) is nilpotent. 

Proof of (iv). Suppose that n > 4 is odd. We shall see that aiaia2Z ^ 
a2aia\z in M. In fact, the only words beginning with 02 that represent the 
element aiaia,2Z arc of the form uaiaia2, where u is a word beginning with 02 
that represents z G M. 

Let wq = aiaia20i ■ ■ - an € FM„ and let w G FM„ be a word representing 
the element aiaia2Z € M. Then there exist wi, . . . G FM„ with m,. = w 
and Wi = w\^iW2,iW^^i = w'^ iw's i such that W2,i and w'2 j represent the 
element z in M, for alH = 0, 1, . . . , r, and wij = w[ .i_^_-^ and ws^i = 'W3^^_|_j, 
for all J = 0, ... ,r — 1. We shall prove, by induction on r, that wi.^wa.i = 
aiaia2 for all i = 0,1,..., r. It is clear that wifi = aiaia2 and ^3,0 = 1, 
thus 101,0^3,0 = 010102- Suppose that i > and wi,iW3,i = 010102. Then 
Wi.i G {1, oi, flifli, aiaia2}. Wc shall deal with four cases separately. 

Case 1: wi^i = 1. In this case, ws^i = w';^^_^_l = 010102. Since Wi+i = 
wi,i+iW2,i+iW3,i+i = W2,i+i'^i^i«2 and W2,i+i and W2,i+i represent z G M,we 
have that W3,i+i G {010102,0102}. If wa.i+i = 010102, then clearly wi ^^i = 1 
and Wi^j_|_iW3^j_|_i = 010102. Suppose that W3,i+i = 0102. Since the degree in 
oi of w,+i is 3 and the degree in oi of W2,i+i is 1, we have that t«i,i+i = oi. 
Hence wi.i_|_iW3_i_|_i = 010102 in this case. 

Case 2: wi^i = oi. In this case, ^3,4 = ^3 j_|_i = 0102. Since Wj+i = 
ii'i,i+iW2,i+iW3,i+i = 01^2 i_|_iOia2, we have that either t/;i,i+i = 1 or t/;i,i+i 
begins with oi. If wi,i+i = 1 then, using the degree in oi and that W3,j+i 
finishes with 01O2, we see that ^3,1+1 = 010102 and wi, 4+1^3,1+1 = 010102- 
Suppose that t«i,i+i begins with oi. Then t«i,i+i = aiu for some u G FM„. 
Thus uw2A+iWa,i+i = ^2,1+10102. Now G {1,02,0102}. If € 

{02,0102}, then using the degree in oi, we have that uws^i+i = 0102. Suppose 
that t«3,i+i = 1. Then uw2,i+i = ^2 i+i'^i<*2 and, using the degree in oi and in 
02, we have that u G {0102,0201}. Since ^2.1+1 and ^21+1 represent z G M, 
/(a20iW2,i+i) = 1 and /(wj j_|_iaia2) = —1, where / is the map defined by (6), 
thus u = 0102- Hence wi^j+iWs^j+i = 010102 in this case. 

Case 3." wi,i = oiOi. In this case, ws^ = W3 i-|_i = 02. Since Wi+i = 
Wi^i+iW2,i+iW3^i+i = aiai'w'2 i+i02 and W2,i+i represents z G M, we have 
that wi^i+i begins with oi. Then wi,j+i = oiu for some u G FM„, and 
uw2A+iW3^i+i = oi?«2.j+i02. Thus, using the degree in oi and in 02, we have 
icu;3,i+i = 01O2. Hence u'i_i+iU'3,i+i = 01O1O2 in this case. 

Case 4; wi^i = 010102- In this case, w^^i = w'^i^i = 1. Since Wi+i = 
Wi.i+iW2.i+iW3,i+i = 0,10,10.2^2 and W2,i+i represents z G M, wc have that 
Wi_i_i_i begins with oi. Then, as in Case 2, Wi_i+i — Oiu for some u G FM„, and 
uw^^i+i = ai02. Hence i<;i_j+iui3_j+i = O1O1O2 in this case. 

Therefore, we indeed have shown in each of the four cases that wi^ws^ = 
01O1O2, for alH = 0, 1, . . . , r. In particular, we have that 010102-2 7^ 02O1O1Z in 
M. 

Note that if 1 < i,i < n are different then there exists a G Alt„ such that 
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(t(1) = i and cr(2) = j. Therefore 
for all i j, in M. 

Since n is odd, z is central in M and, by Lemma 3.4, {aiUiUj — ajaiai)z'^ = 0. 
Therefore {aittiaj — ajaiai)z € B{K[M]) \ {0}, for all i ^ j and for any field K. 

Let p = p n {zM X zM). So /(p) = HhkIs -t\s,te zM and 3z > 0, S2;' = 
te*}. Since z'^M is cancellative, it follows that I{p)^ = 0. 

Suppose that K has characteristic ^ 2. We have that J{K[G]) = 0. Since 
J'(iir[M]) is nilpotent and G is a central localization of M, we get J'(A'[M]) = 
B{K[M]) C Hence J{K[M]) = 0. Then, by Corollary 2.7, 

J(i^[M]) = BiK[M]) = I{p). 

Thus J^(is:[M])2 = 0. 

Assume that s,t € M are such that {s,t) G p. Because z'^M is cancellative, 
we know that z'^s = z^t. From the proof of Lemma 3.5 it follows that s can 
be rewritten in finitely many steps, each step being a rewriting of one of the 
following types: aiajUk >—>■ ajakCii, diOj >—>■ OjCii and aiajUiUj ajUiajUi, so 
that z'^s is in one of the forms given in this lemma. The same applies to the 
element z'^t. Since z'^s = z'^t, a degree argument shows then that these new 
forms of z'^s and z'^t are equal. Hence the forms of s and t are equal. It follows 
that s-te K[M]YK[M], where 

Y = [J {aiUjak - ajUkai, a^aj - ajof, (aiaj)'^ - {ajai)'^}. 

l<i,3,k<n 

|{i,j,fe}|=3 

This implies that Y generates I{p) as a two-sided ideal. Now, if s'z,t'z G zM 
are /O-related, then also (s', t') G p, so by the previous s'z — t'z S K[M]YzK[M] 
because z is central. In particular, /(p) = [A/]) is a finitely generated ideal. 

Suppose that K has characteristic 2. By Proposition 2.6, J{K[M]) C 
K[zM]. Thus J{K[M]) = J{K[zM]). Note that zM/p is a cancellative semi- 
group and G is its group of fractions. Furthermore, K[zM/p] = K[zM]/I{'p). 
By (iii), we have that ^{KlM]) is nilpotent. Hence 

JiK[M])/Iip) = B{K[zM])/I{j}) = BiK[zM/p]) = BiK[G]) n K[zM/p], 

sec [15, Corollary 11.5]. Let tt: zM — > G/C be the composition of the natural 

maps 

zM-^M — >G — > G/C. 

Let T] be the congruence defined on M by sTft if and only if cither s = t ov 
s,t e zM and it{s) = Tr{t). Since B{K[G]) = uj{K[C])K[G], it follows that 
J{K[M]) = I{ri). In particular, z{aiaj —ajUi) G ^{KlM]} for all Let Q be 
the ideal of K[M] generated by all such elements. Thc;n the set of all elements 
of the form zoi ■ ■ - a^, for nonnegative integers ii, . . . , i„, forms a basis of the 
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algebra K[zM]/Q. Therefore it embeds into the algebra K[G/C], which is a 
commutative domain. It follows that J{K[M\) = Q and hence it is finitely 
generated. 

Proof of (v). Let K be any field. Suppose that n > 6 is and n is even. 
We shall prove that J{K[M]) C K[T] (where T is as in Lemma 3.9). Suppose 
that J{K[M]) % K\T\. Let a e J{K\M\) \ K\T\ with |supp(a)| = m. Let 
supp(a) = {si, . . . , s„i}. Suppose that ,si ^ T. Then, by Lemma 3.9, there 
exist i, j such that siOj ^ Mz and ajSi ^ zM. Hence UiSiaj ^ zM U Mz and 
aiSiCj G supp(aiaaj). But this is in contradiction with Lemma 2.6. Hence 
J{K[M]) C K[T]. 

We now prove that K[T] n I{p) = 0, i.e., T is cancellative. Let s,t € T 
be such that spt. By Lemma 3.6 (i) and (ii), there exist s',t' € M, three 
different integers 1 < A: < n and three different integers 1 < l,p,q < n 
such that s = aiajahzs' and t = aiapaqzt'. Suppose that I ^ {i,j,k}. Since 
spt, s' G MaiM. By Lemma 3.1, {aiajakz)ai = aizajakai = ai{akajai)z. By 
Lemma 3.6 (i) and (ii), we may assume that fc} = {Z,|j,(7}. Suppose that 
s = aiajUkZs' and t = aiajQkzt' . In this case, by Lemma 3.6, s = t. Thus, by 
Lemma 3.1, we may assume that s = aiajakzs' and t = ajUiakZi'. Suppose that 
s' G [Ji<r<ni'^r)- In this casc, since s and t have the same degrees with respect 
to every a;, there exists 1 < r < n, such that s' = t' d (ar), but UiUj ^ ajQi 
in G, a contradiction. Therefore, s' ^ Ui<r<ra(^r-)- Hence there exists different 
1 ^ f^p < n and si,S2 G M such that s' = siarapS2- By Lemma 3.6, there 
exists a permutation a of A;}, such that s = siarj{i)arj{^j)a^(k)Zcir<ipS2- By 
Lemma 3.1, we may assume that (j{k) ^ {r,p}. Now, by Lemma 3.1, we have 

«<T(i)O<T0)O<T(fe)^arap = za„(j)acr(i)acr(k)0'rap = a^y)acr(i)za„(^k)0'rap (7) 
= a„f^j-)a„(^i-)a„(^k)0'pO'rZ = a^(^j-)a„(^i-^a„(^k)zapar- 

Hence s — Sia^(^j)aa-(i)a^(^k)zaparS2- By Lemma 3.6, s = ajaiakZSiaparS2, and 
since t = ajaiUkzt', s = t. 

Therefore K[T] n I{p) = 0. Hence, if K has characteristic ^ 2, then 
since J{K[M]) C ii:[r] and J(is:[M]) C I{p) by Corollary 2.7, it follows that 
JiK[M]) = 0. 

On the other hand, if K has characteristic 2 then J^KIM]) C if [T] implies 
that J{K[M]) = J{K[T]). Since T is a cancellative ideal in M and G is its 
group of fractions, in fact G = T{z'^)~^, by {Hi), we have that 

JiK[M]) = BiK[M]) = BiK[T]) = BiK[G]) D K[T], 

by [15, Corollary 11.5]. Let tt: T — > G/C be the composition of the natural 
maps 

T^G^ G/C. 

Let r] be the congruence defined on M by sr^t if and only if either s = t or 
s,t e T and 7r(s) = 7r(t). Since B(K[G]) = oj{K[C])K[G], it follows that 
J{K[M]) = I{ri). Note that 010203^ + a2aia32; G /^[T] n and it is 

nonzero. 
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Let P be the ideal of /r[M] generated by all elements of the form ajaiakZ — 
ttiajUkZ, with different i,j,k. By (7), aiajakzapag and ajQiakzaqap are p- 
related, for all q. By Lemma 3.6, ajUiakZ becomes central in K[M]/P. As 
at the beginning of the proof of canccllativity of T, if s G T then ,s = aiUjakZW 
or s = ajUiakZW, for some w G M, where i,j,k are minimal indices such that 
the degree of s in each of Oj, aj and afc is positive. Therefore s — aiUjakZW e P. 
Furthermore, we may also assume that w is of the form aq ■ ■ ■ o4[' for some 
q > min{i,ji', fc} and nonnegative integers iq,...,in. If f G T is such that 
{s,t) G T], then s and t have the same degree in each generator and hence 
s — t € P. It follows that J7(/^[M]) = I{r]) = P and hence it is finitely gener- 
ated. 

This finishes the proof of Theorem 1.1. 
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